Invasion Percolation with a Hardening Interface under Gravity by Oliveira, C. L. N. et al.
Invasion Percolation with a Hardening Interface
under Gravity
C.L.K. Oliveira a,∗, F.K. Wittel b, J.S. Andrade, Jr. a and
H.J. Herrmann b
aDepartamento de Fisica, Universidade Federal do Ceara, Caixa Postal 6030, Campus do
Pici, 60455-760 Fortaleza, Ceara, Brazil
bComputational Physics for Engineering Materials, IfB, ETH Zurich,
Stefano-Franscini-Platz 3; CH-8093 Zurich, Switzerland
Abstract
We propose a modified Invasion Percolation (IP) model to simulate the infiltration of glue
into a porous medium under gravity in 2D. Initially, the medium is saturated with air and
then invaded by a fluid that has a hardening effect taking place from the interface towards
the interior by contact with the air. To take into account that interfacial hardening, we use
an IP model where capillary pressures of the growth sites are increased with time. In our
model, if a site stays for a certain time at interface, it becomes a hard site and cannot
be invaded anymore. That represents the glue interface becoming hard due to exposition
with the air. Buoyancy forces are included in this system through the Bond number which
represents the competition between the hydrostatic and capillary forces. We then compare
our results with results from literature of non-hardening fluids in each regime of Bond
number. We see that the invasion patterns change strongly with hardening while the non-
hardening behavior remains basically not affected.
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1 Introduction
The infiltration of hardening fluids into porous media is a very interesting scien-
tific problem with vast technological applications in many areas of knowledge. For
example, in petroleum reservoir perforation, the walls of a well are cemented to
insulate them from soil. In dentistry one uses adhesive bio-materials to bond resin
blocks on the dentin [1,2]. Other applications are found involving wood products
[3]. In all these applications, a strong and durable adhesion is required. For that,
the morphological characterization of interface penetration is crucial. No matter
whether a porous medium is impregnated like an antique statue or connected by
adhesives, the morphology of the invaded zones determines the contact strength.
On one hand, a certain invasion depth is required, for example to assure sealing,
while on the other hand, the front should be rough to avoid strong gradients in
mechanical properties between invaded and bulk zones.
A viscosity change of the invading fluids can be due to a chemical reaction that
increases polymer chain lengths. In two-components systems, the viscosity would
change globally in time and the invasion front would just f¨reeze.¨ However in many
systems the contact to air, in particular air moisture, is required for the polymer net-
work formation. Alternatively in solvent-based systems evaporation and diffusion
of solvent into the pore space and structure leads to increased viscosity. Therefore,
apart from reactive resins, the contact of the invading fluid with the displaced air
leads to locally increased viscosity up to hardening.
Our purpose in this work is to simulate the glue infiltration into a disordered porous
medium using a 2D Invasion Percolation (IP) algorithm without trapping on a tilted
square lattice under gravity. In order to take the time-dependent glue viscosity into
account we propose a model that represents interfacial hardening. Hardening enters
as a new parameter in our modified IP model where an interface site which stays
for a long time uninvaded, hardens and cannot be invaded anymore. In the next
section, we describe the hardening interface model. In Sec. 3, we show how the
gravity forces can be added to an IP model. In Sec. 4, we present the results of our
simulations and complete the paper with conclusions.
2 Invasion Percolation with a Hardening Interface
The IP model was first introduced by Wilkinson and Willemsen [4] to study the
immiscible two-phase displacement in porous media without gravity and chemi-
cal reactions, for the case of very slow displacements, where the capillary forces
completely dominate the viscous forces. Since then, the IP paradigm has been ex-
tensively used to describe different physical systems [5-22]. In the present work,
we modified the IP model to take into account the interfacial hardening of fluids.
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Before describing our model, we recall the standard IP. Consider a square lattice
where to each site one assigns a random number chosen between 0 and 1. In this
model, each site represents a capillary pore of a disordered porous medium and
each random number represents the normalized threshold capillary pressure, pc,
which are kept constant in time. Initially, all sites in the lattice are saturated by a
defending fluid. Now another fluid invades the medium through some sites that are
called growth sites or interface. If the invading fluid is injected at the left boundary,
all growth sites are located there. A rough interface forms and advances into the
porous medium according to the following process: at every time step, the growth
site with the lowest capillary pressure is occupied by the invading fluid and removed
from the list of growth sites. Due to the occupation, new sites become part of the
interface, increasing the number of growth sites. An avalanche (also called burst in
the literature [23-25]) can occur when the new invaded site has a pressure greater
than all pressures of the invaded cluster. The occupation process is continued until
the invading fluid spans the entire system, which means in our case by reaching the
right boundary.
To consider the hardening of fluids in our model, the capillary pressures are not
constant anymore. They increase after every avalanche by a value ∆,
pi;newc = p
i;old
c + ∆, (1)
where i runs over all growth sites. The parameter ∆ is taken to be proportional
to the difference between the pressure sites, ∆ = α(pn − pm), where pn is the
pressure of the new invaded site and pm is the highest pressure value in the invaded
cluster. We considered different constants α. If pic becomes equal or greater than
unity site, i hardens and cannot be invaded anymore. In this work, pc is randomly
chosen from a uniform distribution. Additionally periodic boundary conditions are
applied between the top and the bottom of the lattice.
In Fig. 1, we show a basic sketch of the modified IP model with fluid being injected
at the left boundary (gray sites in the Figure). In this example, two avalanches
occur: one, at t = 3 and the second at t = 4. Prior to the first avalanche, the IP
algorithm is identical to the standard one. After the first avalanche, the new invaded
site has pressure pn = 0.6 while the site with the greatest pressure in the cluster
has pm = 0.5. In the next step the pressures of the growth sites are increased by
α(0.6 − 0 − 5). After the second avalanche, where pn = 0.7 and pm = 0.6, the
growth sites (sites with underlined numbers) are increased by (0:7 0:6).
The effect of the hardening parameter α on the morphology is shown in Fig. 2
for the case without buoyancy forces. The picture on the left shows the pattern
obtained by standard IP (α = 0) while in the middle, the pattern for α = 0.5 is
shown, followed by the one for α = 5.0. We observe a reduction of the invaded
region because some interface sites hardened, decreasing the number of possible
paths for the invasion.
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Figure 1. Scheme of IP model with hardening interface on a square lattice of L = 4
with infiltration starting from the left boundary for seven different iteration steps. Initially
(t = 0), each site has a capillary pressure randomly chosen between 0 and 1. At t = 3
an avalanche occurs because the new invaded site has pressure (pn = 0.6) greater than
the greatest pressure of the cluster (pm = 0.5). At this time, all sites at the interface have
their pressure increased by α(0.6− 0.5). At t = 4, another avalanche occurs, and now the
pressures are increased again by alpha(0.7−0.6). If the value of capillary pressure of a site
becomes ≥ 1, this site cannot be invaded anymore. For simplicity, α = 1 in this example.
Note that only next nearest neighbors can be invaded.
3 Invasion Percolation under Gravity
In the standard IP model, external forces like gravity are neglected. However, in
many practical applications, for example, in a vertical displacement with fluids of
different densities, it is important to consider the presence of buoyancy forces. For
this purpose, Wilkinson [26] proposed a modified IP model to describe imbibition
in the presence of gravity. Since then, the modified IP model has been studied exten-
sively by other authors [27-32]. In this model, gravity causes hydrostatic pressure
gradients that compete with capillary forces. That competition is expressed by the
dimensionless Bond number Bo = ga2∆ρ/γ, where g stands for the acceleration
of gravity in the flow direction (here from the left to the right), a denotes a typ-
ical pore size, ∆ρ describes the fluid density difference, and γ the fluid interface
tension.
Gravity is implemented in IP algorithms by adding the hydrostatic pressure gradient
to the capillary pressure, pc. Therefore we assign to each site i, the total pressure
pit = p
i
c +
xiBo
2
, (2)
where xi denotes the distance from the left boundary of the lattice. Note that in our
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Figure 2. Three different patterns of the invading fluid at the breakthrough time forBo = 0
and L = 512. From left to right: α= 0, 0.5, and 5.0.
model, only the capillary pressure pc changes with the hardening effect. Therefore
the hydrostatic pressure remains unaffected.
Since ∆ρ denotes the difference between the density of fluids, we can distinguish
three classes of Bond numbers showing different morphologies of the front. The
first one is the case without buoyancy forces (Bo = 0) where either the system
experiences no gravity or both fluids have the same density. This case is described
by the standard IP algorithm. In the second case, the invaded fluid is less dense
than the defending one with invading fluid being injected in the same direction as
gravity. Now Bo > 0 and gravity limits the fractal regime to a finite region, so
that the front becomes self-a ne, as reported previously [32]. The last case, where
a heavier fluid is injected, Bo < 0, leads to an unstable front, also called gravity
fingering [31].
The influence of the buoyancy forces in the infiltration patterns is presented in Fig.
3. The pictures on the left and in the middle, show the invasion pattern obtained
for positive Bond numbers Bo = 10−3 and 10−4, respectively. In that regime,
increasing Bo causes a more compact perimeter. In the right picture, we see the
infiltration pattern for a negative Bond number (Bo = −10−3). In this case, there
are less possible paths for the flow and the interface exhibits a fingering instability.
With increasing gravity the finger straightens.
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Figure 3. Three different patterns of the invading fluid at the breakthrough time for α = 5.0
and L = 512. From left to right: Bo = 10−3, 10−4, and −10−3.
4 Results
To study the influence of hardening, we separately address the three regimes of
Bond number (Bo = 0, Bo > 0, Bo < 0). Since the invading structures are
different for each regime, the analysis will be different. For Bo = 0, we study the
fractal dimension of the invaded cluster. For positive Bond numbers, we analyze the
front roughness and the fractal dimension of the external perimeter and for negative
Bond numbers, we explore how the percolating finger develops. All results in this
work are averaged over 103 realizations of lattices with size L = 2048.
4.1 Bo = 0
Zero buoyancy forces are obtained when either both fluids have the same density
or the displacement takes place along a horizontal plane (neglecting the gravity). In
this case, we observe for the cluster size, M ,
M ∝ Ldf (3)
which means that the cluster is a fractal with dimension df . We compute the frac-
tal dimension of the cluster varying the parameter α of our hardening model. We
see that although the invaded volume decreases with α (Fig. 2), the hardening ef-
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fect does not affect the fractal behavior keeping the classical value of the fractal
dimension df = 1.89 [33].
Figure 4. Front roughness at the breakthrough time vsBo for different values of α showing
that σ ∝ Boβ , with β = −0.55± 0.01 for all values of α.
4.2 Bo > 0
The second case we consider is for positive Bond numbers, which represent a less-
dense fluid penetrating down into a porous medium. Here gravity acts to limit the
fractal regime to a finite extent. We compute the averaged front position and its
front roughness defined by the standard deviation of the interface from the averaged
position.
In Fig. 4, we plot the front roughness, σ, at the breakthrough time vs Bo in double
logarithmic scale. We find that σ follows a power-law with Bo, namely, σ ∝ Boβ
with β = −0.55 ± 0.01. This exponent is consistent with -0.57, found by Birovl-
jev [30]. We also compute the fractal dimension of the external perimeter via the
box-counting method as being 1.39 (Fig. 5), which is the value found also in Ref.
[30] through simulations. The experimentally determined value was 1.34 [30]. It is
expected that the exponent approaches unity for larger values of Bo since the front
becomes more stable.
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Figure 5. . Box-counting method applied to the front with different values of showing that
the fractal dimension of the external perimeter for Bo = 10−4 is 1.39.
4.3 Bo < 0
For negative Bond numbers, the invading fluid is heavier than the defending one,
and the front is unstable showing finger patterns. This resembles the case when
glue is applied on a granular material and penetrates it by the action of gravity and
capillary forces. For this case, we have studied the behavior of the finger which
crosses the medium, i.e. the percolating finger. We consider only those sites of
the finger that have a distance larger than 0.1L from the left system boundary.
We compute the linear density, Sf , as the number of sites of the percolating finger
divided by its horizontal length. We plot Sf against |Bo| in Fig. 6 for three different
values of α and find that Sf ∝ |Bo|µ, with µ = −0.47 ± 0.01. This exponent was
theoretically predicted by Wilkinson, [26,32] for alpha = 0.
We also study how the percolating nger length and width develop as a function
of the finger mass Mf (Figs. 7 and 8). The percolating finger length, hf , is the
horizontal distance of the farthest site, belonging to the percolating finger, from
the left boundary. In Fig. 7, we show the log-log of hf vs Mf and observe two
power-law regions. The first power-law is for small values of |Bo| (Bo = −10−4),
which presents an exponent around 0.6. For intermediate values of |Bo|µ, we can
observe during the development of the finger a crossover from the first power-law
to another one with exponent close to unity. The second power-law region increases
with |Bo| and dominates the finger behavior forBo = −10−1. The proportionality
is expected because for |Bo| large enough, the finger grows only in the gravitational
direction.
We also study the development of the percolating finger width. We apply a linear
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Figure 6. . Linear density of the percolating finger Sf vs |Bo| for different values of show-
ing that Sf ∝ |Bo| , with µ = −0.47± 0.01.
regression to the distance of the sites which belong to the percolating finger. The
finger width, wf , is then defined as the standard deviation of these distances to the
regression. The invasion dynamics is captured by repeating this procedure for every
increment since the regression line changes as the finger grows. The finger width
grows according to a power-law with exponent λw = 0.52±0.05 forBo = −10−4.
When the finger grows enough, the width seems to saturate to a constant value, as
we can see in Fig. 8.
We have also considered a different model to represent the hardening. Instead of
increasing the capillary pressure by a parameter ∆ which depends on the site pres-
sures at every avalanche time, we incrementally increase it at every time iteration
and consider the parameter ∆ as a constant during the simulation using various
values of ∆ (=10−4, 10−3, and 10−2). Although the hardening effect is stronger in
this way, our results do not change in any regime of Bond number.
5 Conclusions
In this paper, we proposed a modified IP model to simulate the flow of a hardening
fluid into porous media under gravity. As an IP model, each site in the system has
a capillary pressure randomly chosen between 0 and 1. To describe hardening we
increase these pressures by a parameter ∆ after every avalanche. Only the pressure
of the interface sites is increased by that parameter. If a site reaches a capillary
pressure equal or greater than unity, it hardens and cannot be invaded anymore.
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Figure 7. . Percolating finger length vs finger mass for different values of and Bo. Two
power-law regimes hf ∝ Mλhf are observed: where λh = 0.98 ± 0.02 for high values
of |Bo| and λh = 0.59 ± 0.03 for low values of |Bo|. For intermediate values of |Bo| a
crossover separates these two regimes.
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Figure 8. . Percolating finger width vs finger mass for different values of α showing that
wf ∝Mλwf , with λw = 0.52± 0.05 for Bo = −10−4.
The results were averaged over 103 realizations for a tilted square lattice with size
L = 2048.
We considered different regimes of Bond numbers (Bo = 0, Bo > 0 and Bo < 0)
and studied the front patterns for each regime differently. For Bo = 0, we com-
puted the fractal dimension of the invaded cluster. For positive Bond numbers, we
analyzed the front roughness and the fractal dimension of the external perimeter
and for negative Bond numbers, we looked at the growth of the linear density of
the percolating finger with |Bo|. We then compared our results with known results
from literature of non-hardening fluids in each regime of Bond number. We see that
the invasion patterns change strongly with hardening.
We calculated for the first time the percolating finger length and width for nega-
tive values of Bond number. According to our results, the percolating finger length
grows with its mass obeying two power-law regions. The first power-law is for
small values of |Bo| (Bo = −10−4), which presents an exponent around 0.6. For
intermediate values of |Bo| we can observe during the development of the fin-
ger a crossover from the first power-law to another one with exponent close to
unity. This second power-law increases with |Bo| and dominates the finger behav-
ior for Bo = −10−1. The finger width is then computed as the standard deviation
of these sites. The finger width grows according to a power-law with exponent
λw = 0.52 ± 0.05 for Bo = −10−4. When the finger grows sufficiently the width
seems to saturate to a constant value.
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